The three-axis attitude tracking manoeuvre and vibration suppression of a flexible spacecraft in the presence of external disturbances are investigated in this paper. The spacecraft consists of a rigid hub and two flexible appendages. The Euler-Bernoulli beam theory is used to model the flexible parts. The attitude dynamic equations of motion are derived using the law of conservation of angular momentum, and the flexural equations are derived. The attitude of the spacecraft is represented using the quaternion parameters. The controller is designed based on the super-twisting sliding mode control. The sliding surfaces are introduced and the global asymptotic stability of the flexible spacecraft on the sliding surfaces is assured via Lyapunov method. The control law is designed such that the sliding condition is satisfied and the system reaches the sliding surfaces in finite time. The simulation results verify the performance of the controller in the presence of bounded disturbances, sensor noises and abrupt changes in parameters.
Introduction
Attitude dynamics and control of a flexible spacecraft is one of the most widely studied areas in the past three decades, and it has received so much attention. The attitude manoeuvre of a flexible spacecraft can excite flexible modes due to highly nonlinear dynamic coupling between elastic and rigid parts. Thus, neglecting the flexibility in modelling and control design may result in the instability of the overall system.
A survey of research in this area has been published by Meirovitch et al. 1 Among numerous control strategies developed for attitude stabilization and control, variable structure control attracts attention owing to its property of insensitivity. [2] [3] [4] In Shahravi et al., 2 adaptive sliding mode control with hybrid sliding surface (HSS) is used to minimize the effects of uncertainties and disturbances. For the attitude stabilization of networked flexible spacecraft during large angle slew manoeuvre, a novel type of adaptive fuzzy sliding mode control (AFSMC) method for solving the dynamic model with network-induced delay is proposed in Dong et al. 4 Gupta 5 extends the linear-quadratic-Gaussian method for feedback control design. This method includes frequency shaped weighting matrices in the quadratic cost functions. In the presence of parameter uncertainty, adaptive control systems have been designed in Bennett et al. 6 and Singh and De Araujo. 7 A wide range of approaches have been proposed for using piezoelectric material to control the vibration of flexible structures, such as strain rate feedback (SRF) control. 8, 9 Finally, in Hossein Nejad et al., 10 we stabilized a flexible spacecraft using adaptive-sliding mode control technique, but that controller could not perfectly track and also, chattering of sliding was a problem.
Our contributions in this paper are in two aspects: dynamic model and control. In the field of flexible satellite control, many works have been done, as discussed below. The combination of the sliding mode control and the fuzzy method in Dong et al. 4 is proposed to stabilize a flexible spacecraft with uncertainties. In this paper, the dynamic of the flexible spacecraft is considered very simple. Also, the coupled nonlinear dynamic between the rigid and flexible module of the spacecraft is estimated with the fuzzy method.
In Hu et al., 11 assuming all state variables are limited and using the slide mode control, only the asymptotic stability of the attitude dynamics of the spacecraft is shown and the vibration suppuration of the flexible components is not shown in this work.
Attitude Recovery of a flexible spacecraft is done by Tafazoli. 12 In order to retrieve the attitude and eliminate the vibrations of the panels, a nonlinear controller is designed based on input-output feedback linearization.
Singh 13 uses an input-output feedback linearization to stabilize the attitude of a flexible spacecraft. In this paper, the attitude of the spacecraft is considered as the system's output, and the attitude control is asymptotically stable. In Tafazoli 12 and Singh, 13 none of them have stability analysis.
In the field of controlling the attitude of the flexible spacecraft, some researchers utilize additional actuators that are installed on flexible panels to eliminate unwanted vibrations. [14] [15] [16] In addition to complexity, this method requires the use of high-tech actuators and more energy consumption.
Also, in some other work, one-axis attitude control is considered. However, the generalization of one-axis attitude control to three-axis attitude is not always easily feasible. [17] [18] [19] Qu and Gao 17 uses the sliding mode method to control the one-axis attitude of a flexible spacecraft. In Singh and Zhang, 18 a one-axis stabilization is done using the adaptive output feedback control. Cai and Lim 19 uses the optimal control to stabilize one-axis attitude manoeuvring of a flexible spacecraft.
Due to the strong nonlinear coupling between the dynamics and flexible parts of the spacecraft, often some nonlinear term of system dynamic to simplify are neglected. [20] [21] [22] In Hu, 20 the vibration of the flexible components is limited, and the simplified dynamic of the flexible spacecraft is stabilized by adaptive backstepping control. In Sˇiljak, 21 the simplified dynamics of a flexible spacecraft is stabilized in several steps using active and passive methods. In order to stabilize the attitude of a flexible spacecraft and suppress the vibration of panels, an adaptive controller is designed to robust against limited disturbances and parametric uncertainties. 22 In this paper, the simplified dynamic is used too.
The dynamic model of our problem consists of three-axis attitude manoeuvring with double-direction vibrations of flexible panels (bending in two directions). In this paper, coupling the vibration of the panels with the attitude dynamic of the rigid hub and the resulting partial differential equation (PDE) 27 threeaxis attitude control of a flexible satellite is controlled with the single-direction bending for the panels, but as previously stated in this article, three-axis attitude control with double-direction vibration of the panels are modelled without simplification.
Innovation in this point is the perfect tracking of the attitude parameters and the suppression of the doubledirection vibration of the panels simultaneously. Also, the robustness of the designed controller has been studied in terms of parameter change, noise and disturbance. At the reaching phase, considering the use of the vector norm in the controller, the robustness against the match perturbation such as the actuators disturbance (15% relate to normal) and unmatched perturbation including the vibrations of the panels, the sensor noise (15%) and an abrupt change of parameters is achieved with the saturation limitation.
Also, the saturation function with super-twisting approach are used to reduce chattering. As a result, the controller is capable of perfect tracking and eliminating vibrations within 30 s by considering the saturation limits of the actuators.
Finally, although in this paper, the perfect tracking of the attitude control was considered, but compared with Kaviani Rad et al. 28 and Cao et al. 29 which were just stabilization problem in the set-point manoeuvre, reducing chattering, increasing the controller's robustness against disturbances, noise, and abrupt change of the parameters are achieved by defining the appropriate boundary layer and using super-twisting concepts.
In this paper, a super-twisting sliding mode control is developed to achieve perfect tracking for the attitude of a flexible spacecraft and simultaneously suppress the excited vibration of its appendages. Our proposed method enables attitude tracking in the presence of bounded disturbances and parameter uncertainty without chattering. As can be seen in Figure 1 , the flexible spacecraft consists of a rigid hub and two flexible appendages. It is assumed that the attitude motion excites the two flexible appendages anti-symmetrically and does not change the position of the centre of spacecraft mass. The Euler-Bernoulli beam theory is used to model the flexible appendages. The deflections are small. Hence, the linear elastic theory can be used. The equations of motion are expressed in the body-fixed reference frame whose origin is located at the centre of spacecraft mass and its x-axis is along the longitudinal direction of the appendages (as shown in Figure 1 ).
In this paper, the vibrations of the panels are considered in two directions (y, z). The stiffness and the mass matrices are derived from modal analysis and complex integral relationships.
To design the controller, there is no simplification for the dynamic model of the flexible spacecraft. Indeed, the dynamic model of the flexible spacecraft used in this paper is more complicated than similar tasks. Our main contribution include the following. At first, a proper hyper-surface is designed and its asymptotic stability is proved by the Lyapunov method during slipping.
At the reaching phase, considering the use of the vector norm in the controller, the robustness against the match perturbation such as the actuators disturbance (15% relate to normal) and unmatched perturbation including the vibrations of the panels, the sensor noise (15%) and an abrupt change of parameters is achieved with the saturation limitation.
Also, the saturation function with super-twisting approach are used to reduce chattering. As a result, the controller is capable of perfect tracking and eliminating vibrations within 30 s by considering the saturation limits of the actuators. This paper is organized as follows. In the section 'Mathematical model of the flexible spacecraft', attitude dynamics and flexural equations of the system are derived in a suitable form for control purposes. The attitude of the spacecraft is represented using the quaternion parameters. The controller design procedure is introduced in the section 'Controller design' and the stability of the closed loop system is proved via Lyapunov method. Section 'Simulation results' gives the simulation results of the proposed control approach. Finally, the paper is completed with some concluding comments.
Mathematical model of the flexible spacecraft

Attitude dynamic equations
The attitude dynamics of the spacecraft shown in Figure 1 is derived using the following equation
where xyz is the body-fixed coordinate system shown in Figure 1 , fvg = v xĩ + v yj + v zk is the angular velocity of the spacecraft represented in the body-fixed frame, ½I hub is the hub moment of inertia matrix andt is the actuators torque vector. dfH flex g=dt is the rate of the angular momentum for the flexible appendages of spacecraft which can be obtained as follows L is the length of each appendage, a is the distance between the clamped edge of each appendage and the spacecraft centre of mass and m is the mass per unit length of each. We can discretize v and w as follow
where c r (x) and g r (x) are admissible functions. These functions are presented as below
x, a and L are shown in the Figure 1 . q vr (t) and q wr (t) are generalized coordinates associated with v and w (shown in Figure 2 ), respectively. Due to the flexibility of the panels, these deflections have an infinite number of modes. v and w were discretized as indicated in equations (8) and (9) . Indeed, v and w have been written as a product of a time function (q vr (t) and q wr (t)) and a shape modes functions ((c r (x) and g r (x)). q vr (t) and q wr (t) indicate the weight percentage of each shape mode at any time. The references Meirovitch 30 and Rao 32 can be found in this area for more details. Now, equations (5)- (7) are modified based on equations (8) and (9) as below
Therefore, equation (1) can be written in the compact form based on equations (11)-(13) as follow
½M and ½B are expressed in the Table 3 in Appendix 1; ½M v , ½M w , ½M vw , ½h v , ½h w , ½K v , ½K w , fa v g and fa w g are explained in the Table 4 in Appendix 1; and ½G is as below Figure 2 . The deflection of flexible panels (v, w) related to the XYZ coordinate.
where ½M 2 R (2n + 3)3(2n + 3) is a positive definite symmetric matrix and ½M À 2½B 2 R 2n + 3 ð Þ 3 2n + 3 ð Þ is skew symmetric.
Attitude kinematics
The spacecraft attitude with respect to the inertial frame is represented by the quaternions. 33 A set of kinematic equations describe the rate of change of the attitude parameters due to the dynamics of the spacecraft
Controller design
The control objective is to findt such that the spacecraft attitude tracks its desired trajectory and at the same time the flexible modes suppress. The most important assumptions in this research are pure attitude dynamics of satellite (without orbital dynamics), EulerBernoulli theorem for flexible beams, the appendages have uniform material structure and parameters are known. To achieve this objective, a sliding mode control technique will be developed in the subsequent sections. Before proceeding with the control law design, first the attitude quaternion error is introduced in the following subsection.
Attitude error
Denoting f q d g = ½ q d0 q d1 q d2 q d3 T as the desired attitude, the quaternion error is defined by
ð17Þ
The conversion from the quaternions to Euler angles is shown in the following The rate of change of f q e g is calculated using the relation
where fv e g = fvg À ½R db fv d g is the difference between spacecraft angular velocity and its desired value. ½R db that is the transformation matrix from the desired frame to the body frame of spacecraft is shown in the equation (19)
Sliding surfaces
The sliding surfaces can be defined as
½L a 2 R 333 , ½L v 2 R n3n and ½L w 2 R n3n are arbitrary constant positive definite matrices. Then concrete relationship of sliding surfaces is determined as below
Stability of the sliding surfaces. The following Lyapunov function candidate is proposed to ensure if the controller forces the spacecraft to stay on the sliding surfaces, fq e g, fq v g and fq w g will converge to zero
Since q e0 is always smaller or equal to one, then (1 À q e0 ) is nonnegative. Then equation (25) is always nonnegative and it will only be zero when all three terms are equal to zero
Therefore, V 1 is positive definite (only zero in the origin). Taking the time derivative of V 1 and applying equation (21) , _ V 1 becomes
Then _ V 1 is simplified as follows
Assuming the system is on the sliding surfaces, fS a g = 0, fS v g = 0 and fS w g = 0. Therefore, using equation (28) , equation (29) is simplified as
According to equation (24) , _ V 1 = 0 if and only if fq e g, fq v g and fq w g become zero, and then based on LaSalle, the global asymptotic stability of the system on the sliding surfaces is guaranteed.
Super-twisting sliding mode control law
The derivative of sliding surfaces are determined as below
equation (25), equation (13) can be rearranged as
where to simplify,t
is defined as follows
The sliding mode control law is proposed below
where fgg is calculated as follows
In equation (33) , ½G a 2 R 333 , d ½G w 2 R n3n are arbitrary constant positive definite matrices. Also, in equation (34), the e is positive and very small real number to avoid singularity. The control law proposed in equation (33) consists of two kinds of terms, and the terms containing sign function make the system slide along the sliding surfaces and add robustness to the control system. The rest of them eliminate the nonlinear terms. Then the concrete relationship of sliding mode control is determined as below
According to equations (15) and (33), f a ! . is calculated as follows
where ½g a 2 R 333 , ½g v 2 R n3n and ½g w 2 R n3n are arbitrary constant positive definite matrices.
Stability proof. The following positive definite Lyapunov function is proposed to prove that the system reaches the sliding surfaces in finite time
Differentiating V with respect to time, one can obtain
Using equation (31), _ V 2 becomes
In the above equation,t is replaced with the control law proposed in equation (35) and also we know ( ½M À 2½B) = 0 because of skew symmetry property. Then _ V 2 is determined as
Simplifying the above equation using equation (35),
Simulation results
Results of super-twisting sliding mode control
In this section, the control scheme proposed in equations (35) and (45) is simulated for three-axis attitude tracking manoeuvre of a flexible spacecraft. The values of the spacecraft parameters are as follows.
Attitude tracking control. Figures (3) - (11) are the simulation results of the super-twisting sliding mode controller in the attitude tracking manoeuvre. The tracking manoeuver in simulations is considered to do imaging and sun-pointing missions. Therefore, the variations of the attitude parameters are defined in such a way that the total possible space of the quaternion is included and global asymptotic stability of the controller is shown. The controller parameters are shown in the Table 1 . These parameters are designed based on trial and error. First, the values of parameters are considered as unit and then changed with trial and error in order to obtain the appropriate controller quality. In these simulations, we considered saturation level for actuators. The value of saturation is 100 Nm for each actuator. Also for each transverse displacement, two assumed modes are considered. As can be seen in Figure 3 after about 30 s, the quaternion attitude of the spacecraft tracks its desired value with high precision.
Moreover, according to Figure 4 , the flexural displacements are simultaneously damped. The transient behaviour of the flexural displacements is highly influenced by the speed of convergence of the attitude error. Therefore, a trade-off between these two factors must be performed to avoid too much vibration in the transient response of the system. Attitude tracking control in the presence of disturbances. In this subsection, the robustness of the super-twisting sliding mode controller to external disturbances is examined. Here, the disturbance is a matched perturbation that indicates the deviation of the actuators compared with their nominal conditions. The disturbances (in torques) are the random oscillating functions with a maximum range of 15% deviation from the nominal. Figures 5 and 6 are showing performance of supertwisting sliding mode control in the presence of disturbances (15%) and actuator saturation.
According to these two figures, the system performance is suitable even in the presence of disturbance with high amplitude and high frequency. Attitude tracking control in the presence of abrupt changes in parameters. In this subsection, the robustness of the controller to abrupt changes in parameters is discussed. The changing of parameters that are a mismatched perturbation can be the uncertain, the classic change or the abrupt change. In order to evaluate the controller's robustness in the pessimistic scenario, the parameters change are considered abruptly. This can happen when a portion of the flexible panel is removed from the spacecraft during the mission. Figure 7 shows the abrupt change applied to the hub moments of inertia. Figures 8 and 9 show the performance of the system in the presence of sudden changes in parameters and compares it with the response of the system with constant parameters. As can be seen, the performance of the system is the same in both cases except an instant jump in the response at 60 s. Flexural rigidity in y direction 8 Nm Figure 4 . Flexural displacements at tip with saturation assumption for actuators. Attitude tracking control in the presence of sensor noises. In this subsection, the performance of the controller with sensor noise is shown. The type of noise is white noise. The noise power is about 15% of the generalized coordinates. Figures 10 and 11 show the response of the controller in the presence of the sensors noises. As can be seen, controller acts properly.
Compared results between the super-twisting and traditional sliding mode control
In this section, the performance between the designed super-twisting sliding mode control in this paper and traditional sliding mode control is compared. The values of the spacecraft parameters and the controller parameters are shown in the Tables 1 and 2 . Also, similar to the previous description in the section 'Controller design', the traditional sliding mode control is considered as following form In order to compare the performance of two control approaches, the simulation results of the quaternion errors, the flexural displacements at tip and the control input are shown below.
Simulation results at attitude tracking manoeuvring with saturation consideration. In this subsection, the value of saturation level is 100 Nm for each actuator. Also for each transverse displacement, two assumed modes are considered. As can be seen in Figures 12 and 13 after about 50 s, the quaternion errors of the spacecraft tracks its desired value. Although the traditional control has perfect tracking with higher precision, Figures 4 and 14 show that the supertwisting control suppresses the flexural displacement at faster rate with lower amplitude.
Moreover, according to Figures 15 and 16 , the input control of the traditional approach has more chattering. Due to the actuator limitations, we know that the chattering is a dominant factor to compromise between the traditional and the super-twisting control.
Simulation results at attitude tracking manoeuvring in the presence of disturbances. In the following, the performances of the super-twisting and the traditional sliding mode controller to external disturbances (15%) and actuator saturation are examined. Figures 17 and 18 show that the traditional control has perfect tracking with higher precision. Figures 6  and 19 show that the super-twisting control suppresses the flexural displacement at faster rate with lower amplitude. Also, according to Figures 20 and 21 , the input control of the traditional approach has more chattering.
Attitude tracking control in the presence of abrupt changes in parameters. Figures 22-26 are showing performance of the super-twisting and the traditional sliding mode control in the presence of parameters change and actuator saturation. Figures 22 and 24 show that the traditional control has perfect tracking with higher precision. Figures 9 and 25 show that the super-twisting control suppresses the flexural displacement at faster rate with lower amplitude. Also, according to Figures 23 and 26 , the input control of the traditional approach has more chattering. Figures 11 and 30 show that the super-twisting control suppresses the flexural displacement at faster rate with lower amplitude. Also, according to Figures 28 and 31 , the input control of the traditional approach has a much higher amplitude and chattering than supertwisting control. In fact, its amplitude is about 500 times. 
Conclusion
A super-twisting sliding mode control technique was proposed to control attitude of a flexible spacecraft. The system parameters were assumed to be known. The sliding surfaces were introduced and their asymptotic stability was proved via Lyapunov method. The control law was designed such that the system reaches the sliding surfaces in finite time. The simulation results showed the validity of the proposed method. It was observed that the attitude tracking error converges to ½ À1 0 0 0 with the precision of 0.001, after approximately 100 s. The simulation results in the presence of disturbances and noises showed the controller is robust against 65% disturbance and 25% noise. Higher gains result in faster response of the controller but cause the undesirable transient response of the system and control effort. The controller gains were adjusted with several factors in mind: first, the transient behaviour of the flexible modes must be small enough to keep the assumption of the linear elasticity theory unchanged. Second, while the transient behaviour of the spacecraft attitude should be smooth and practically suitable, the attitude tracking error should converge to zero fast enough for practical purposes. Third, the control effort should not violate the saturation limits of the actuators and its chattering should be acceptable. A trade-off between these factors resulted in a proper and achievable response. Finally, the previous results show that the control effort of the traditional sliding mode control does not have adequate chattering and amplitude level. Due to the actuator limitations, we know that the chattering is a dominant factor to compromise between the traditional and the super-twisting control, thus authors propose super-twisting sliding mode control for attitude tracking control and vibration suppression of a flexible spacecraft.
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